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SUMMARY

In large-scale liquid chromatography, solute competition for sorbent sites
(interference) coupled with mass transfer effects can result in complex solute
distribution patterns and concentration dependent migration of solute bands. A rate
equation model, which accounts for axial dispersion, film mass transfer, intraparticle
diffusion, size exclusion and non-linear isotherms, was used to simulate the effluent
histories of multicomponent ion-exchange systems. The method of orthogonal
collocation on gradient-directed moving finite elements developed by Yu and Wang in
1989 was used to solve the model equations. The theory was verified by comparing the
model predictions with data on amino acid and protein ion exchange and good
agreement was obtained.

Dimensionless groups were used to identify the local equilibrium regime, in
which the effects of axial dispersion, film mass transfer and intraparticle diffusion are
negligible. Mass transfer effects were pronounced for systems with small pulse sizes
and for solutes with long retention times. For a system with a pulse size about 20 pore
volumes C/C; = 103, and « (separation factor of a solute against eluent) = 1.6, mass
transfer effects were negligible at N, > 103. For low affinity solutes (¢ < 0.1) of
a similar pulse size, local equilibrium was approached at a lower N,,.

The dimensionless groups were also useful for studying the combined effects of
design and operating parameters. The effects of these parameters on band shape and
band spreading were examined for non-linear systems with various solute affinities.
The dimensionless groups were also used to establish simple scaling rules for
non-linear chromatography. The scaling rules suggest that one can achieve the same
degree of separation but significantly higher throughputs by using small particles,
short columns and rapid cycles.

INTRODUCTION

In linear chromatography, solute bands have a simple shape and the mechanisms
which cause band spreading during migration in a chromatography column are well
understood!~3. In non-linear chromatography, however, peak shapes and spreading
are affected by solute competition for sorbent sites (interference), axial dispersion, film
mass transfer and intraparticle diffusion. As a result, peak shape and spreading are
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complex functions of equilibrium isotherms, mass transfer parameters (film mass
transfer coefficients and intraparticle diffusivity), design parameters (particle size and
column length), and operating parameters (pulse size, feed concentration and
flow-rate). Understanding interference and mass transfer effects on band spreading in
non-linear systems is crucial for designing and scaling large-scale chromatography, in
which large pulses and concentrated feeds are usually used to increase throughputs.

Because of the complexity of non-linear systems, significant simplifications are
usually introduced into chromatography models. In a local equilibrium model, the
mass transfer resistances are assumed to be negligible. Therefore, local equilibrium
models are useful for explaining thermodynamic effects on the separation and
migration of solute bands. They are useful for predicting column dynamics (unsteady
state concentration profiles and effluent histories) when mass transfer effects are
insignificant. Among them, the interference theory*~® provides the most extensive
analyses for isocratic systems. However, solutions of local equilibrium models are
usually restricted to simple forms of equilibrium isotherms, simple step inputs, and
isocratic operations. Only recently, the interference theory was extended to non-linear
systems with gradients and two-way flow operations®. Also, computer simulations for
general non-linear isotherms were carried out recently for isocratic single component
gas chromatography (GC) and liquid chromatography (LC)®, and two-component
isocratic LC!°. Despite the numerous local equilibrium theories, there have been no
clear guidelines for judging whether the assumption of local equilibrium is valid for
a given system.

For models in the literature that do include mass transfer effects, such as staged
models and rate equation models, simplifications are made on equilibrium isotherms
or the mass transfer processes. Table I shows a summary of selected theoretical studies
that account for mass transfer effects in ion-exchange and adsorption systems. Because
of mathematical complexity, detailed solutions are available only for linear isotherm
systems, for which interference effect is absent. For non-linear systems, one or more of
the following simplifications are used: no intraparticle diffusion, no axial dispersion,
no film mass transfer resistance, single component, or special isotherm type. Certain
assumptions also make it difficult to study the effects of design and operating
parameters. For example, in the linear driving force approach!?, the effects of particle
diameter and flow-rate are not explicit. For systems with non-linear isotherms, the
lumped mass transfer coefficient estimated under one condition may not apply when
solute concentration, particle size, or flow-rate changes. Moreover, a systematic study
of axial dispersion, film mass transfer, intraparticle diffusion in non-linear chroma-
tography has not been reported before.

In this article, a detailed rate equation model developed by Yu and Wang!? is
used to study interference and mass transfer effects in non-linear chromatography.
The objectives are (1) to verify the rate equation model with experiments on amino acid
elution and protein ion exchange; (2) to compare the results with a local equilibrium
model in order to identify the regions where the mass transfer effects are negligible; and
(3) to study the relative importance of interference, axial dispersion, film mass transfer,
and intraparticle diffusion on peak shape and peak spreading under various design and
operating conditions.

The model equations expressed in dimensionless form are solved by a gradient-
directed moving finite element technique developed by Yu and Wang'2. Using various
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TABLE 1

SUMMARY OF RATE EQUATION THEORY LITERATURE

Abbreviations: Adspt = adsorption process; diffusion = intraparticle diffusion; dispersion = axial
dispersion; film = film mass transfer; IEX = ion exchange process; LDFA = linear driving force approach.

Ref. Feature Isotherm Component  Input  Method of Adspt/
solution IEX
24 Diffusion, Langmuir Multi Batch  Orthogonal Adspt
film collocation
25 LDFA Linear - All Analytical, Adspt
Laplace
transform
26 Dispersion,  Linear - Step Analytical, Adspt
diffusion, Fast Fourier
film transform
27 Dispersion,  Parabolic Single Step Finite 1IEX
diffusion difference
28 Diffusion, Linear - Step Parabolic Adspt
film & quadratic
profiles
29 Dispersion  Langmuir Single Pulse  Finite Adspt
LDFA S-shaped difference
30 Dispersion,  Linear — Pulse  Method of Adspt
diffusion, moments
film
31 Dispersion,  Fritz & Binary Step Orthogonal Adspt
diffusion, Schlunder collocation
film type
32 Diffusion, Linear — Step Parabolic Adspt
film profile
33 Diffusion, Freundlich ~ Multi Step Finite Adspt
film, difference
LDFA
34 Dispersion, Langmuir Multi Step Finite Adspt
LDFA difference
35 Diffusion Shrinking Single Step Finite IEX
core difference
36 Diffusion Langmuir Single Step Method of Adspt
moments
37 Diffusion, Linear - Step Analytical, Adspt
film Laplace
transform
38 Two pore Langmuir Single Step Finite Adspt ¢
diffusion, difference
film
39 LDFA Langmuir, Multi Step Finite Adspt
Freundlich difference
40 Diffusion, Langmuir Single Step Numerical Adspt
film
41 Dispersion,  Freundlich  Single Step Finite Adspt
dual-pore difference
diffusion
42 . LDFA, non- Langmuir Multi Step Method of Adspt

isothermal line
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dimensionless groups allows us to study the combined effects of design and operating
parameters. The magnitudes of these groups indicate the relative importance of film
mass transfer, intraparticle diffusion and axial dispersion for a given system.
Furthermore, they are useful for scaling of non-linear systems.

THEORY

In formulating this model, we assume uniform packing, uniform velocity
distribution, pseudo-homogeneous spherical particles with uniform size distribution,
isothermal behavior and constant physical properties. Convection and axial dispersion
are considered the only mechanisms of mass transfer in the axial direction. The axial
dispersion coefficient is estimated from a standard correlation!3. The pressure and
velocity variations along the axis are assumed to have no effects on equilibrium
and column dynamics. The mass transfer coefficient between the bulk mobile phase
and the stationary phase is estimated from a J factor correlation'*. For each particle,
its surroundings are assumed to be uniform. Surface diffusion within the particle is also
neglected. Along the radial direction in a particle, local equilibrium is assumed
between the stagnant fluid in the pores and the sorbent surface.

For each component j, the mass balance equations and initial and boundary
conditions are given in eqns. 1 and 2, where subscripts b and p denote the bulk and
particle phases, respectively.

Bulk phase
00.,« 1 62cb- 6cb~
0 Pe e ax DA T Cnse) (12)
Ocp;
X = 0, a—;j = Pez(ij — ij) (lb)
x=1, Ly )
ox
T = 0, Coj = ij(o,x) (ld)
where
L 3(1—¢) Bi;
¢ = L), x=zlL, Ny =200 gy kR,
pJ

Pez = uoL/Ebj, Pepj = u,,R/Epj.

All concentration variables are normalized by their respective feed concentrations.
Thus, c¢p; is a dimensionless bulk phase concentration, ¢; is a dimensionless- feed
concentration, z is the axial distance, L is the column length, R is the particle radius, ¢ is
time, u, is the interstitial velocity, k; is the film mass transfer coefficient of component
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J, ¢ is the bed void fraction and E,; and E,; are the axial dispersion coefficient and
effective diffusivity of component j, respectively.

Particle phase

0cy; L] D A LY
Ke; [9 -+ a-2eo af] = Nyj 77 3¢ [é ac] (22)
_ o Yeei _
§=0 —5=0 (2b)
oc.:
£=1, 52— = Bi(co; — ¢3) (20)
T=0, ¢y = cpi(0,) (2d)

where & = r/R, Ny; = (L/R) - (1/Pey;), c,j is the local dimensionless concentration of
component j in the fluid phase within a particle, cy; is the dimensionless concentration
of component jin the solid phase within a particle and it is in equilibrium with the local
concentrations of the fluid phase (cp1, ¢p2, ..., Cpn), 7 is the number of components, r is
the radial coordinate of the particle, @ is intraparticle porosity, and Ke; is the size
exclusion factor of component j.

One of the objectives of this study is to compare the results of the rate equation
model with those from a previous local equilibrium model based on the assumption of
constant separation factors’. The comparison is needed to identify the conditions
under which the local equilibrium model is applicable. For this reason, the equilibrium
isotherms here are represented by constant separation factors. For a multicomponent
system with constant separation factors, the non-linear equilibrium isotherm for
component i can be written as follows

Cié/ci

ko
Cp,' = c
J

Oy Z -

i %y

€)

where o;; is the separation factor of i against j, C is column capacity per bed volume, C;
is the feed concentration of the /™ component based on per bed volume, and C/C;is an
important dimensionless group. Although all simulations reported in this paper are for
constant separation factor systems, this model can incorporate any complex iso-
therms. Simulations for systems with Langmuir isotherms have been reported in
a previous paper!2,

The dimensionless group Pe, in eqn. 1 is the axial Peclet number, which is
proportional to the ratio of a characteristic convection rate to that of axial dispersion.
The dimensionless group Pe, in eqn. 2 is the particle Peclet number, which is
proportional to the ratio of a characteristic convection rate to that of intraparticle
diffusion. The Biot number (Bi) in eqn. 2 represents the ratio of a characteristic film
mass transfer rate to that of intraparticle diffusion.
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A correlation developed by Chung and Wen!? is used to estimate E; or Pe,.

L
, = P ) 0.48
Pe, = > (0.2 + 0.011Re**%) )

where the Reynolds number (Re) is defined as

_ 2Rpuoe
U

Re )]

Sincé Re is typically in the order of 0.1 or less, Pe, is essentially only a function of
L/(Re).

The film mass transfer coefficient k can be estimated from a J factor correlation
proposed by Wilson and Geankoplis'*. This correlation is valid for liquid systems with
low Reynolds numbers.

J = LAV A — L@Re—zla ©
upe) \pD* €

As shown in eqn. 6, the film mass transfer coefficient k is related to D®
(Brownian diffusivity) and u, (interstitial velocity). The effective intraparticle
diffusivity (E,) of a solute is also related to D® for a given sorbent material (see eqn.
10). Because of this interdependence, one can rearrange eqn. 6 to give the following
explicit relation: ‘

@ B (28)2/3 EIL 2/3 _&"_‘_9 2/3 (7)
k| 1.09 |\D* E,
which is equivalent to

2/3 2/3
Pe,/Bi = [%] (—5%) (Pey)?? (8a)

or

_ [@.09227( D\ [ Pe,)*?
e (M2E)E)

Eqn. 8b can be rearranged to give an explicit relation between Pe, and Bi.

4¢* [ E \* .
Pep = 1.093 (D—:o> Bl3 (9)
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Eqn. 9 suggests that as Pe, increases with increasing particle size or flow-rate, Bi also
increases. This implies that as Pe, increases, intraparticle diffusion resistance becomes
relatively more important than film resistance.

We are interested in comparing simulation results with data for amino acid and
protein ion exchange here, but unfortunately, experimental data of E, are usually
unavailable. For small ions and particles with uniform pores, the following equation
can be applied to estimate E, from Brownian diffusivity D®!%:16.

0 2
- @ 10
If this equation is used, eqn. 9 becomes
4¢? 0 \*
=—=|—] B? 1
Peo = 1097 (2-0) : (b

Pulse size is another important scaling parameter for this system. A dimension-
less pulse size At is defined here as

V. Vau
At = =2 = 22 12
’ 8Vbed FL ( )

where Fis volumetric flow-rate, V}, is the volume of a feed pulse and V.4 is bed volume.
As shown in eqn. 12, 4t represents a dimensionless pulse volume, where V, is
normalized by interparticle void volume (¢V,.q) in a packed bed. This dimensionless
pulse Az is related to the fractional loading 4T}, which was defined previously for local
equilibrium studies*®.

Ciat
AT, = == (13)
C

This fractional loading also represents a dimensionless pulse size, in which the total
amount of solute i input to the column during A4t is normalized by total column
capacity.

Eqn. 9 (or eqn. 11) can be substituted into eqns. 1 and 2 to eliminate Pe,. Thus,
we are left with Pe, and Bi as the independent transport parameters, L/R, ¢ and 6 (and
E,/D®, if eqn. 10 is used) are the system parameters, C/C; and 4t are the operating
parameters. These dimensionless parameters are useful for scaling purposes and for
studying the combined effects of L, R and u,. They are especially convenient for
estimating the relative importance of intraparticle diffusion, film mass transfer, and
axial dispersion on band spreading for a given system. These results will be discussed
later.

Since the systems being studied involve non-linear isotherms, eqns. 1 and 2 must
be solved numerically. An efficient numerical method was developed by Yu and
Wang'? for solving non-linear boundary value problems. This method, being
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especially useful for fixed-bed systems with steep gradients, was used to solve the
model equations here. It employs orthogonal collocation on both bulk and particle
phases as well as a gradient-directed moving finite elements scheme. Details of this
technique and convergence behavior are available elsewhere!?, A typical elution
simulation requires two collocation points in the particle phase and four points in each
element for the bulk phase. The number of elements varies from 16 initially to about
4 at the end of simulation.

RESULTS AND DISCUSSION

Before studying mass transfer effects and interference phenomena, we verified
this model with data from ion exchange of amino acids and proteins. Previous data on
isocratic elution of lysine and proline were considered first'’, A 7.5 x 1 cm LD.
column was used. It was packed with Bio-Rad AG 50W-X8 cation-exchange resin,
with a particle radius of about 25 ym. A 50-ml mixture of 0.01 N lysine and 0.01
N proline in 0.19 N of sodium citrate buffer at pH 4.4 was injected into the column at
2 ml/min, and eluted with 0.20 N of sodium citrate buffer at the same pH. Fig. 1a shows
the effluent history of the column plotted in dimensionless concentration versus
dimensionless time. The results from the rate equation model (solid lines) are
compared with those from the local equilibrium model (dashed lines). As the figure
shows, the local equilibrium model can predict the average retention time, but it
cannot predict the exact product concentration and zone spreading behavior because it
neglects mass transfer effects.

As mentioned before, both axial dispersion and film diffusion coefficients were
estimated from standard correlations. Since E, values were not readily available for
this sytem, approximate values were obtained from eqn. 10. Except where indicated,
eqn. 10 was used to estimate E, from D* for all simulations in this paper. An E, of 3.5
- 107 ¢cm?/min was used for both lysine and proline for the simulations shown in Fig.
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Fig. 1. (a) Experimental results and model predictions of the lysine—proline system. Pe, = 672, Pe, = 337, Bi
= 42, Pe,/Bi = 8, At = 18.86, U yoNat = 1.6, ApoiNgs = 0.043. Parameters used in simulations are listed in
Table II. (b) Experimental results and model predictions of the lysine-glutamic acid system. Pe, = 653, Pe,
= 202, Bi = 36, Pep/Bi = 5.6, At = 15.50, oy ..., = 4.56, ¢y ., = 0.10.
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la. The value of D* was first estimated from the Wilke—Change correlation given in
ref. 18 and eqn. 10 was then used to estimate E,. This E, value is similar to the values
given for other amino acids in a similar exchanger!®. The same separation factors from
the local equilibrium simulation were used (0t ysna+ = 1.6 and dprona+ = 0.043). Both
bed void fraction (¢) and particle porosity (6) were 0.45. All the parameter values used
for simulations are listed in Table II.

Because proline has a low affinity relative to Na*, it elutes immediately without
any peak broadening, and the concentration is the same as in the feed pulse. This
behavior is closely predicted by both models. For the lysine peak, only the rate
equation model can predict the experimental behavior in detail. Because the retention
time of lysine is longer and mass transfer effects are more pronounced, the lysine peak
becomes less concentrated than the feed and it spreads more than the proline peak.
This example shows the validity and accuracy of the rate model for high affinity
solutes.

Fig. 1b shows the results of elution of a glutamic acid and lysine mixture.
A 7.3-cm column packed with the same resin was used, and a pulse of 40 ml with 0.02
N lysine, 0.01 N glutamic acid and 0.20 N sodium citrate was injected into the column
at a flow-rate of 1 ml/min. It was then eluted with 0.20 ¥ of sodium citrate buffer at pH
3.58. At this pH, dgu/na- 15 0.10, and oy na- is 4.56, which is much higher than in the
previous case. The rate equation model again can predict the data closely by using the
same E,, 0 and ¢ as in the previous system. For the same reason as in the previous case,

TABLE I
SUMMARY OF PARAMETER VALUES USED FOR SIMULATIONS
6 =¢ =045 E, = 42 1075 cm?/min, D® = 5 10~* cm?/min, C = 2.3 mequiv./ml packed volume.

Fig. L V, F R % Nar  Cpeonar [ Lysine]  [Proline]  [Na']
(em) (ml) (mifmin)  (um) (N) (N) (N)
1a® 7.5 50 2 25 1.6 0.043 0.01 0.01 0.19
1v° 73 40 1 25 4,56 0.10 0.02 0.01° 0.20
4 7.5 50 0.1-40 25 1.6 0.043 0.01 0.01 0.18
7 7.5 50 0.5-40 25 4.0 0.5 0.01 0.01 0.18
8-10 1.6 0.043 0.01 0.01 0.18
13a 7.5 50 2 25-160 1.6 0.043 0.01 0.01 0.18
13b 7.5 50 2 10-100 4.0 0.5 0.01 0.01 0.18
14 1-15 50 2 25 1.6 0.043 0.01 0.01 0.18
15 7.5 10-250 2 25 1.6 0.043 0.01 0.01 0.18
16a 7.5 50 2 25 1.6 0.043 0.01-0.16  0.01-0.16 0.18
16b° (1) 7.5 50 2 25 1.6 0.043 0.01 0.01 0.18
Q) 0.031 0.031 0.139
3) 0.047 0.047 0.106
“4) 0.064 0.064 0.072
l6¢ 7.5 100 2 25 1.6 0.043 0.01-0.16 0.01-0.16 0.18
17a 7.5 100 2 25 1.6 0.043 0.04 0.04 0.04-0.34
17b 7.5 50 2 25 1.6 0.043 0.04 0.04 0.04-0.34

“ E, = 3.5 107% cm?/min, D® = 4.16 - 10™* cm?/min.

® dgumar = 0.10, ¢ = 0.01 N.

¢ The fractions of lysine, proline and Na™* are the same as in Fig. 16a except the total concentration is kept at

02 N.
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the glutamic acid passes through the column immediately without any zone spreading.
For this low affinity solute, because mass transfer effects are insignificant, the local
equilibrium model is adequate. Asymmetric lysine peak is predicted by both models.
This is because solute migration speed is a function of solute concentration and «; the
larger the « or the higher the solute concentration, the more does the migration speed
vary with concentration, and the more pronounced is the tailing®. Again in this case,
the rate equation model is needed to predict the lysine data accurately.

Experimental data obtained from protein ion exchange were also used to verify
the model. An 11-cm column packed with DEAE Sepharose Fast Flow (Pharmacia)
was presaturated with chloride ions initially. A 5-mg/ml myoglobin (Myo) solution in
0.1 M Tris buffer at pH 8 was injected into the column at a flow-rate of 0.5 ml/min.
Bovine serum albumin (BSA) with the same concentration as myoglobin was
introduced into the column to displace myoglobin after 111 min (r = 18.36). The
effluent history is shown in Fig. 2a. Because of the size of protein molecules, not the
whole resin particle is accessible to the protein; therefore, size-exclusion factors of 0.72
and 0.6 (ref. 8) were used for myoglobin and BSA, respectively, to obtain the
simulation results in Fig. 2a.

The E, values for the proteins were estimated from the Brownian diffusivities
using eqn. 10 (§ = 0.95). They were 5.55 - 10~° cm?/min for myoglobin2?, 3.34 - 10~3
cm?/min for BSA2?! and 9.98 - 10~* for CI~ (ref. 18). Values of agss/c- = 6.0 and
Omyorc1- = 1.5 were used to obtain the curves in Fig. 2a. As the figure shows, this rate
equation model gives close prediction for this system. It appears that under the
experimental conditions, ion exchange of both BSA and myoglobin is reversible. If the
proteins undergo slow adsorption or desorption, this model is not expected to give
good predictions.

For the same system except with 20 mg/ml each of BSA and myoglobin, 5.5 cm
column length and 0.25 ml/min flow-rate, the effluent history is shown in Fig. 2b. In
this case, BSA was introduced after 102 min (t = 16.87) to displace myoglobin. The
same size-exclusion factors, separation factors and diffusion coefficients used in Fig.
2a were used to obtain the result here. Again, the model predicts closely the
experimental data.

The results from a local equilibrium model are also included in Fig. 2a and b for
comparison. Identical parameters as in the rate model were used. The definition of
adjusted time T reported previously was modified here in order to take into account
intraparticle porosity 8 and size exclusion.

r, = Cto {,_E[lJr(_l_“_ﬁLK‘%ﬂ]} (14)
KEjCL Ug €

For the cases with multiple step changes (Fig. 2a and b), the local equilibrium model
gives good predictions of the average breakthrough times, but not the details of the
breakthrough curves.

Mass transfer analysis by dimensionless groups
The dimensionless groups defined in this paper (Pez, Pe,, Bi, L|R, C/C; and 41)
are important scaling parameters. They are also helpful for identifying the local
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Fig. 2. (a) Experimental results and model predictions of the BSA-myoglobin system. Pe, = 632, Pe, vvo
=164, Pe_ po, = 272, Pe . = 9.11, Biy, = 8.65, Biy, = 10.24, Bi, = 3.30. L = 11.0 cm, R = 50 ym,
F=0.5mi/min, cge, = ¢, = Smg/ml, ¢, = 0.16 N. (b) Experimental results and model predictions of the
BSA-myoglobin system. Pe, = 316, Pe_ ., = 81.9, Pe ., = 136, Pe,,_ = 4.56, Biy = 6.86, Big,
= 8.13, Bi,,_. = 2.62. L = 5.5cm, R = 50 pm, F = 0.25 ml/min, ¢y, = Cpgo = 20 mg/ml, ¢, = 0.16 N.
Solid lines represent the predictions of the rate equation model; dashed lines represent predictions of the
local equilibrium model; and arrows indicate the times of step input of BSA solution.

equilibrium regime and for understanding the relative importance of film mass
transfer, intraparticle diffusion and axial dispersion for a given system.

Local equilibrium region. Since Bi gives the ratio of intraparticle diffusion
resistance over film mass transfer resistance, the absolute magnitude of the two
resistances are not clear from this parameter. In order to identify the region that has
negligible mass transfer resistances (local equilibrium conditions), other dimensionless
groups must be examined. The Ny; parameter in the film mass transfer term of eqn. 1a,
which consists of L, R, ¢, Pe, and Bi, can be taken as a normalized film mass transfer
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rate. The Ny; of eqn. 2a can be taken as a normalized intraparticle diffusion rate. For
a given system, a plot of 1/N,; against 1/N,; shows how normalized intraparticle
diffusion resistance changes with normalized film resistance (Fig. 3). At the lower left
corner of the plot, both intraparticle diffusion and film resistances are negligible. If
1/Pe, is plotted as the third axis, then the origin is the true local equilibrium point.

Eqn. 8b can be modified to give the following relationship between N, and Ny.

3(1—)\¥? (L\*? (1.09%%\ (D=
N = {7 - = 3/2
P ( € > R 2 E, No

This implies that for a given set of ¢, L/R, D®/E, (or 0, if eqn. 10 is valid), all possible
1/N, and 1/N,, values form a straight line with a slope of 1.5 in a log-log plot (Fig. 3).
For example, at § = ¢ = 0.45, 4t = 18.86 and L/R = 3000, the seven triangle points
represent the cases with seven different flow-rates shown in Fig. 4 (see Table II for
values of other parameters) and indeed, they follow a straight line. It should be noted
that Pe, is the third parameter, and these seven points have slightly different Pe,.

As the flow-rate decreases, both 1/N, and 1/N, decrease along the line. It has
been found that there are no changes in the effluent history when the flow-rate is less
than 0.1ml/min. Therefore, the elution peaks approach a limiting shape, which occurs
at about Bi = 16 and Pe, = 17. In order to approach local equilibrium conditions at
this point, L/R needs to be increased to further reduce 1/N, and 1/N,,. Fig. 5 shows the
results at various L/R values while all other dimensionless parameters are kept
constant. Since 4t (= 18.86) is fixed, increasing L requires increasing V, in these cases.
As L/R increases to 12000, the peak of high-affinity solute approaches the local
equilibrium curve at N, = 7.1 - 102, N, = 4.1 - 10* and Pe, = 2.7 - 10°.

When At was decreased to 0.377 with all other parameters kept the same as in

10"
[ 40.0 mifmin
10° F
a. -1
107 F
€
107° F
i
10—3 ool N .1.....]3. Y »
107° 107* 10~ 10
1/Np

Fig. 3. Normalized intraparticle diffusion resistance (1/N,) versus normalized film resistance (1/Np). The
same parameters as those in Fig. 1a except different flow-rates are used in calculating the seven triangles. The
four circles represent the four cases shown in Fig. 9. The four squares represent the four cases shown in Fig.
10.
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Fig. 4, the effluent histories of the highly retained solute at four different flow-rates are
shown in Fig. 6. Note the heights of the peaks are less than 0.05 in dimensionless
concentration. At flow-rates below 0.01 ml/min, no changes were observed. Actually,
the 0.1 ml/min curve is already very close to the limiting shape.

Attempts were made to increase L/R (to further decrease 1/N;, and 1/N,) to
approach local equilibrium conditions. The dashed curves shown in Fig. 6 were
simulated at 0.01 ml/min flow-rate, and L/R = 15000 (Pe, = 3340) and L/R = 60000
(Pe, = 13 360). The peaks do become sharper, but they are still very far from reaching
1.0 (where the local equilibrium peak would reach). Further increase of L/R (and also
Pe,) would require substantially longer computation time because of numerical
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Fig. 5. Varying L/R for the case at 0.1 ml/min flow-rate in Fig. 4.
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Fig. 6. Approaching local equilibrium conditions with 4t = 0.377. Unless noted otherwise, all the other
parameters are the same as those for Fig. 5.

difficulties. This result shows that for a smaller A«, it requires larger values of N, and
N, to approach local equilibrium.

The affinity of the solute («) is another factor that affects the region of local
equilibrium. Fig. 7 shows the results for 4t = 18.86 but with a different set of « values
(OLysna+ = 4.0 and opona. = 0.5 in Fig. 7, compared to Opysna+ = 1.6 and
tprona+ = 0.043 in Fig. 4). All other parameters in these two figures are identical. For
the solute with « = 0.043 (Fig. 4), the peak at 40 ml/min flow-rate (N, ~ 0.5) is very
similar to the local equilibrium peak. For the solute with « = 0.5 (Fig. 7), local
equilibrium is approached at 0.5 ml/min (N, = 35.6, N, = 3.5 10° and Pe, = 670).
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Fig. 7. Effect of flow-rate. The parameters are the same as those in Figs. 1a and 4 except o ona+ = 4.0and
4 = 0.5.

ProfNa+
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For the solute with « = 1.6 (Fig. 4), local equilibrium is approached at 0.1 ml/min (N,
= 7.1'10%, N, = 4.1 10* and Pe, = 2.7 10%). For the solute with & = 4 (Fig. 7), even
the peak at the lowest flow-rate is still quite different from that at local equilibrium.
Therefore, the larger the a, the larger the values of N, Ny, and Pe, required to approach
local equilibrium.

Effect of Pe,. Changing E,, changes only Pe,, and all other parameters remain
constant. This way, the isolated effect of the Pe, term in eqn. 1a can be studied. Fig. 8a
shows the effluent history of the same lysine—proline system discussed earlier.
Assuming that Pe, can be varied independently, one can plot the results for Pe, at 1000,
500, 200, 100, 50 and 5. The other parameters are Pe, = 100, Bi = 28,& = § = 0.45and
L/R = 3000. The lysine peak (x = 1.6) at Pe, = 500 is very close to that at Pe, = 1000,
but it is still quite different from that at Pe, = 200. Therefore, a Pe, of 1000 is the limit
for negligible axial dispersion for lysine. Axial dispersion broadens the bands and
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Fig. 8. (a) Effect of axial dispersion at Pe, = 100, Bi = 28.2, L/R = 3000, At = 18.86. (b) Effect of axial
dispersion at Pe, = 3370, Bi = 91.2, L/R = 3000, 4t = 18.86.
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eventually produces asymmetric peaks at small Pe,. For the proline peak (o = 0.043),
axial dispersion and film and intraparticle diffusion have negligible effects on band
spreading.

The effects of axial dispersion are relatively more pronounced when Pe, and
Pe,/Bi are small (close to local equilibrium conditions). When intraparticle resistance
or film resistance is large, axial dispersion has very minor effects. For example, for the
same system shown in Fig. 8a except at Pe, = 3370 and Bi = 91.2, the results for the
same set of Pe, numbers are shown in Fig. 8b. In this case, the lysine peak is broadened
by large intraparticle diffusion resistance. Changing Pe, from 1000 to 100 has almost
no effect, and minor effect for Pe, = 50. At Pe, = 5, the lysine peak becomes
noticeably more asymmetric and overlaps with the proline peak. Therefore for Pe,
= 3370 and Bi = 91.2, the limit for negligible axial dispersion is around Pe, of 50,
which is considerably smaller than the limit in Fig. 8a.

Effects of Pe,/Bi and Pe,. It is also worthwhile to study the isolated effects of the
film mass transfer term (Pe,/Bi) in eqn. 1a and intraparticle effective diffusion term
(Pep) in eqn. 2a. Fig. 9 shows the results when keeping all dimensionless parameters
constant and changing only k to vary Pe,/Bi. The four curves shown here are
represented by the four circles in Fig. 3: Pe, = 337, L/R = 3000 and Pe,/Bi ranging
from 2 to 50. This gives Bi ranging from 169 to 6.7. As k decreases, Bi decreases, and
the lysine peak (x = 1.6) becomes broader and less concentrated, but relatively small
changes are observed in this range of Bi. For the same reason mentioned before,
because the low affinity of the proline peak (a = 0.043), changing k or Pe,/Bi has no
effects at all. Moreover, as k increases (or Pe,/Bi decreases), a limiting peak shape
indicates negligible film resistance.

Fig. 10 shows the results when keeping Pe/Bi = 8, L/R = 3000 and changing Pe,
from 50 to 1000. This provides the effect of changing E, (or Pe,) alone. The four curves
are also represented as squares in Fig. 3. As E, decreases, both Pe, and Bi increase.
This leads to broadening of the lysine peak. A limiting peak shape is expected for large
E, values which correspond to negligible intraparticle diffusion resistance.

The results shown in Figs. 8-10 indicate that for the experimental systems tested,

8

% 1s

1 Pey/Bi
b 1)2
b 2)8
g 3)20
) 4)50
g 1.0 ppe—mmy 1:4

) '

© B

0 '

[} 1

° )

P 0.5 —:

0 '

= i

= I

v i

£ ool ; .
a 0.0 25.0 50.0 76.0 100.0

Dimensionless Time (t Uo/L)

Fig. 9. Effect of Pe,/Bi at Pe, = 672, Pe, = 337, L/R = 3000, 47 = 18.86.



MASS TRANSFER EFFECTS IN NON-LINEAR CHROMATOGRAPHY 45

g
% 1s
- Pep,
[} 1) 50
b 3 2)100
o 3) 337
o 4) 1000
O
1.0 1.4
a [
0 !
0 1
0
[}
2 0.5
o .
]
ot
n
o
0 \
1
E 0.0 W v L 1
-
(=) 0.0 25.0 50.0 75.0 100.0

Dimensionless Time (t Uo/L)
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axial dispersion and film resistance are unimportant; intraparticle diffusion resistance
is the major cause for lysine band spreading (Fig. 1a and b) and the spreading of BSA
and myoglobin breakthrough curves (Fig. 2a and b). Therefore, the good agreement
between data and model predictions shown in Figs. 1 and 2 does not prove the
accuracy of the correlations for axial disperision coefficient (eqn. 4) and film mass
transfer coefficient (eqn. 6). Thorough testing of these correlations and others?
requires further studies of systems for which axial dispersion and film resistance are
dominating.
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Variation of dimensionless parameters with operating parameters. Since Pe,, is
related to Bi, a plot of Pe, vs. Bi would be sufficient to represent an entire fixed-bed
system for a given set of L/R, 4z, C/C;, eand 0 (or E,/D™). Fig. 11 shows the ranges of
Pe, and Bi that are encompassed by some typical operating conditions for a column of
1 cm I.D. The triangles shown in Fig. 3 are plotted here. These data are from a 7.5 cm
x 1 cm L.D. column with 25-um particles at different flow-rates (effects of flow-rate
are shown in Fig. 4 and will be discussed later).

From the J factor correlation discussed earlier, the film mass transfer coefficient
k increases with u{/3. Because the normalized film resistance 1/N, is proportional to
uo/k, it increases with u3/>. The normalized intraparticle diffusion resistance 1/N,
increases linearly with uy. As a result, as flow-rate increases, Bi increases and
intraparticle diffusion resistance becomes more important relative to film resistance.
The axial Peclet number Pe,, on the other hand, has a very weak dependence on
flow-rate because Re is typically 0.1 or less (see eqn. 4). As shown in Fig. 11, Bi ranges
from 15.6 for 0.1 ml/min to 115 for 40 ml/min, while Pe, only varies from 665 to 692.
The ratio L/R has a major effect on Pe,. When column length is increased from 7.5 cm
to 15 cm, Pe, increases proportionally (see solid line above). Pe, values range from
1340 (0.1 mi/min) to 1385 (40 ml/min). On the other hand, when column length is
decreased to 3 cm, Pe, becomes much lower, ranging from 265 to 277 (see dashed line
below).

The dotted line shown on the top of Fig. 11 is from a 15-cm column with 7.5 ym
particle radius at different flow-rates. The flow-rate range is the same as the previous
cases but for this smaller particle radius and longer column, the Bi ranges from 10.4 to
77 instead of 15.6 to 115 for R = 25 um.

The circles in Fig. 11 are values for a 7.5-cm column at a flow-rate of 2 ml/min
and different particle radii (which will be discussed later). It ranges from Pe, = 1676
and Bi = 31.2 (R = 10 um) to Pe, = 107 and Bi = 78.6 (R = 160 um). The dashed
curve joining the circles is extended to R = 2 ym at a Pe, over 8000. Therefore,
increasing particle size not only decreases Pe,, it also increases Bi at the same time.

When the flow-rate is increased from 2 ml/min to 10 ml/min, the whole curve for
2 ml/min just shifts to the right. It should be noticed that when these two curves
intersect the varying flow-rate lines, it means two different sets of flow-rate, column
length and particle size would give the same Pe, and Bi. For example, if a large particle
is used, one can operate at a lower flow-rate and use a longer column to achieve the
same Pe, and Bi. This scaling concept is useful for design and economic analysis and
will be discussed later.

Overall, increasing interstitial velocity mainly increases the relative importance
of intraparticle resistance but has little effect on axial dispersion. Increasing particle
size increases both the relative importance of axial dispersion and intraparticle
diffusion (Fig. 11). Increasing column length (or L/R ratio) increases Pe,, Ny, and N,,.
However, the longer the column, the smaller the dimensionless pulse size At. The effect
of At will be discussed later.

Effect of operating and design parameters

Flow-rate. In a chromatographic process, flow-rate is an important operating
parameter. It influences resolution, product concentration and cycle time. The
question concerning scaling-up chromatographic processes with the proper flow-rate,
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particle size, column length and pulse size will be addressed after the effects of each
parameter is discussed.

Fig. 4 shows the simulation results of the lysine—proline system discussed earlier
at various flow-rates. An E, of 4.2 - 10~° cm?/min and ¢ = 6 = 0.45 were used here.
Effluent histories from seven flow-rates ranging from 0.1 ml/min to 40 ml/min are
shown here. The pulse volumes are the same for these cases. Little or no change is
observed for the proline peak at all flow-rates. This is because proline has a low affinity
relative to Na*. The proline peak passes through the column almost without being
retained, and flow-rate has very little effect in this case. The lysine peak becomes
broader and its concentration becomes lower as the flow-rate increases. At a flow-rate
higher than 20 ml/min, the peak actually becomes asymmetric because of large
intraparticle diffusion resistance.

Since the feed pulse concentration of lysine is only 0.01 N, and the « for lysine at
this pH is only 1.6, these conditions are close to a linear system where asymmetric
peaks are not normally observed. The asymmetry in the lysine peak observed at
a flow-rate greater than 20 ml/min is due to mass transfer effect. In order to confirm
this, simulations were conducted with a linear isotherm under identical conditions.
Asymmetric peaks were also observed. Therefore, the peak asymmetry is largely due to
intraparticle diffusion.

The results under the same conditions but with different separation factors are
shown in Fig. 7. This case can be viewed as the lysine—proline system at another pH
value. Values of ay yg/na+ = 4.0 and otpona+ = 0.5 were used instead. Since both o values
are higher, both solutes are retained in the column longer; as a result, both peaks are
more spread than before. The effect of flow-rate in this case is similar to that in Fig. 4;
as the flow-rate increases, solute band broadens and its concentration decreases.
Because of the large oy ¢ na+ value, even at 0.5 ml/min, the lysine peak is already slightly
asymmetric. The explanation given for Fig. 1b is also valid here. The tailing of lysine
peak at 40 ml/min is due to a combination of intraparticle diffusion resistance and
interference effect, because the local equilibrium model also predicts tailing for this
peak.

Although increasing flow-rate can decrease the product concentration, it also
decreases the elution time, which in turn decreases the cycle time. For certain cases, it
may be more economical to speed up the separation process and sacrifice the product
concentration. Fig. 12 gives a better representation of the actual time scale involved for
the results shown in Fig. 4. Fig. 12a—c are the effluent histories in real time (min) for
0.5, 5 and 20 ml/min, respectively. By increasing the flow-rate from 0.5 to 5 ml/min, the
actual cycle time is decreased to about 1/8 of that at the slower flow-rate, whereas the
product concentration is only decreased by about 20%.

Particle size. Another way to study the intraparticle diffusion effect is to change
the particle size and keep other parameters constant. Increasing the particle size
increases Pe, and Bi, whereas decreases the L/R and Pe, at the same time. Therefore
increasing particle size increases intraparticle diffusion resistance, film resistance, and
axial dispersion effects. Fig. 13a flows the simulation results at four different particle
radii. These four cases are also represented by circles in Fig. 11. Other parameters are
the same as for Fig. la.

Increasing particle size decreases product concentrations, and eventually results
in asymmetric peaks. As discussed before, the feed pulse concentrations considered
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Fig. 13. (a) Effect of particle size. All the other parameters are the same as in Fig. 1a. (b) Effect of particle size
at different separation factors. All other parameters are the same as in Fig. 13a.

here are close to those of linear systems. Therefore, the asymmetry of the lysine peak is
mostly due to mass transfer effects. For the caseat R = 160 um, Bi and Pe, are 79.6 and
107, respectively. It indicates that intraparticle diffusion is dominating and the effect of
axial dispersion is relatively small. Therefore, large intraparticle diffusion resistance
can also produce asymmetric peaks.

Although Fig. 13a looks very similar to Fig. 4 in dimensionless time scale, if they
were plotted in actual time (#), they would look quite different (see Fig. 12). Each curve
in Fig. 4 has a different interstitial velocity (), while all curves in Fig. 13a have the
same interstitial velocity. Only a slight decrease in retention time is observed when
particle size is increased.

Fig. 13b shows the results of the same system with different solute affinities. The
four radii are also represented as circles in Fig. 11. Since ayyqna+ is 4.0 in this case,
asymmetric peaks are observed for particle radius as small as 10 um. For the proline
peak, increasing the particle size does decrease the product concentration in this case,
because the ap,,n,+ 18 larger in this case. As expected, the average retention times for
both solutes are longer than in the previous case.

When designing a chromatographic process, it is important to choose the right
particle size and flow-rate. This rate equation model provides information on the
effects of particle size and flow-rate on resolution and product concentration that local
equilibrium models cannot provide. This is a major advantage of using this model for
design and scale-up purposes.

Column length. When only the length of the column is increased, and all other
parameters are kept constant, Pe,, Ny, and N, would increase, but 4t would decrease.
In Fig. 14, four column lengths ranging from 1 to 15 cm were considered. For the
15-cm column, good .esolution is achieved. However, for this pulse size, the whole
column is not fully utilized; also the lysine peak has a lower concentration than the
feed. Therefore this case has the problem of long cycle time and low product
concentration. When the column is shortened to 7.5 cm, the cycle time is decreased,
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1340, 47 = 9.43; (b) L/R

110, 4t

and the eluted lysine peak has a higher concentration than for the 15-cm column. This
is expected because 47 is larger for a shorter column.

For the 3-cm column, the two peaks overlap, but part of the lysine peak has
a concentration slightly higher than the feed pulse. Therefore, this is another example
of trade offs among resolution, ¢ycle time and product concentration. For this case
a length between 3 and 7.5 cm would give the best resolution. For the 1-cm column,
a large overlap occurs between the two peaks. This column is just too short to resolve
the two solutes, even though their separation factors are far apart.

If A7 is kept constant, a shorter bed has the advantages of a lower pressure drop
and a shorter cycle time. If the aforementioned conditions for local equilibrium are
met, this is definitely a good strategy. However, in a region far away from local
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equilibrium, as L/R decreases, film and intraparticle resistances increase and axial
dispersion also becomes more important. As a result, resolution will decrease. In order
to achieve the same resolution in a shorter bed, certain scaling rules must be followed,
and they will be discussed later.

Pulse size (V,). Another important operating parameter is the feed pulse size
(V). Anincrease in pulse size results in an increase in At and produces similar effects as
a decrease in column length. Fig. 15 shows the results of three different pulse sizes in
a 7.5-cm column. Very good separation is achieved for the case with a pulse size of 10
ml (4t = 3.77), but because of mass transfer effects, the concentration of the lysine
peak becomes much lower than the feed. When the pulse size is increased to 100 ml (4<
= 37.7), the lysine concentration actually becomes higher than the feed value because
of interference, but there is a slight overlap between the two peaks. For the 250-ml case
(47 = 94.3), the pulse volume is 42.4 times the column volume and resolution is poor.
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The effluent history is similar to a smaller pulse with a shorter column, shown in Fig.
14.

Regardless of the differences in pulse volume, solutes in all cases start to elute at
about the same times. This is expected for systems with negligible interference effects.
Since for a fixed column length and mass transfer resistances, the left flank of the
product peak always exits at certain dimensionless time (t), regardless of its feed pulse
volume. Even though the qualitative effects of increasing ¥, are similar to decreasing
column length, the quantitative results are different because in the latter case, the ratio
L/R is also decreased.

Solute concentration. Fig. 16a shows a series of simulations with different solute
concentrations in the feed pulse. For all cases both lysine and proline have the same
concentration, and the concentration of Na* in the feed pulse is 0.18 N; the
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Fig. 16. (a) Effect of solute concentration at Pe,, = 338, Bi = 42, Pe, = 670, L/R = 3000, 4t = 18.86. Lysine
histories predicted from the local equilibrium model are shown in dotted lines (**-). (b) Effluent histories
predicted from the local equilibrinom model. The feed fractions of lysine and proline and other parameters
are the same as those in Fig. 16a except the total concentration is kept at 0.2'N. Lysine histories are shown in
solid lines; proline histories are shown in dashed lines. Concentrations of lysine and proline for 1-4 are listed
in Table II. (c) Effect of solute concentration under the same conditions as in Fig. 16a except 47 = 37.72.



MASS TRANSFER EFFECTS IN NON-LINEAR CHROMATOGRAPHY 53

concentration of the presaturant and eluent is always equal to the total concentration
of solutes plus Na* in the feed pulse. All other parameters are kept constant.

As the concentration of proline increases, the eluted proline peak does not
change significantly. This is because proline has a much lower affinity relative to lysine
and Na™* and it quickly separates from lysine. As a result, the proline band, despite its
high fraction in the feed, is similar to that in a dilute system, in which the feed
concentration doesn’t affect its product concentration or retention time.

There is, however, a larger change in retention time and effluent concentration
for lysine as its feed concentration increases. A higher lysine concentration gives
a higher fraction of lysine in the feed as well as a higher total concentration. A higher
lysine fraction in the feed results in stronger interference and a higher lysine peak
concentration. A higher total concentration results in a shorter retention time. At
a feed lysine fraction of 0.235 (0.08 N), the lysine peak becomes about 30% more
concentrated than the feed. As the feed lysine fraction is increased to 0.32 (0.16 N), the
lysine peak has a 45% higher concentration than the feed, with only a slight overlap
with the proline peak. The results from the local equilibrium model also show more
concentrated lysine peaks than the feed. Since the local equilibrium model accounts for
only interference effects but not mass transfer effects, it indicates that interference
effects dominate in this case. Furthermore, comparison of the predictions from the two
models allows us to isolate mass transfer effects from interference effects.

As solute concentration in the feed increases, the significant decrease in lysine
retention time is mainly due to the increase in total concentration from 0.2 to 0.5 N.
This point is verified with the results shown in Fig. 16b, in which the fractions of lysine
and proline in the feed are kept the same as in Fig. 16a, whereas the total concentration
is kept at 0.2 N. The effluent histories predicted from the local equilibrium model are
shown. Here the peak lysine concentrations are the same as the corresponding
concentrations in Fig. 16a, whereas the retention times are only altered slightly.
Comparison of Fig. 16a with Fig. 16b clearly shows the different effects of increasing
total concentration from those of increasing solute fraction in the feed.

The results of doubling the pulse size to 100 ml for the system in Fig. 16a are
shown in Fig. 16c. The general behavior is similar to that in Fig. 16a. The maximum
concentrations of lysine are the same as those in Fig. 16a. This is expected because in
the absence of mass transfer effects the maximum peak height due to interference is
determined by the lysine fraction in the feed and relative affinities, which are the same
in these two figures. However, because of a large pulse size, the lysine and proline peaks
overlap for all cases, with the overlap being more severe at higher solute concen-
trations.

Sodium ion concentration. When the concentrations of the solutes are kept
constant and only the concentration of Na* in the feed pulse is changed, interference
phenomena are observed. The concentration of presaturant and eluent is kept the same
as the total concentration of solutes plus Na* in the feed pulse. Fig. 17a shows the
same lysine-proline system with a 100 ml feed pulse that contains 0.04 N each of lysine
and proline and various Na* concentrations. The fractions of lysine in the feed are
0.333, 0.222 and 0.095 at Na* concentrations of 0.04, 0.10 and 0.34 N, respectively.
The corresponding total concentrations are 0.12, 0.18 and 0.42 N. As shown in Fig. 16,
the higher the lysine fraction in the feed, the higher the lysine peak concentration in the
effluent. Similar results are also seen in Fig. 17a. At an Na* concentration of 0.04 N,
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the lysine fraction in the feed is the highest (0.333). Therefore, the lysine concentration
in the effluent is also the highest. However, because the total concentration is the
lowest (0.12 N), the lysine peak has the longest retention time. In Fig. 16, on the other
hand, as lysine concentration in the feed increases, both the lysine fraction and total
concentration increase. Therefore, the lysine peak at 0.16 N has the highest effluent
concentration and the shortest retention time.

Because the three cases shown in Fig. 17a have a large feed pulse (41 = 37.72)
and high solute concentrations, the effluent histories are similar to those predicted
from the local equilibrium model. For clarity, only the predicted histories for lysine
from the local equilibrium model are shown for comparison; proline histories
predicted from the two models are too close to show any difference. This comparison
shows that for a concentrated system with a large feed pulse, interference effects
control the lysine peak height.

As we reduce the pulse size from 100 to 50 ml (4t = 18.86) while keeping all
other parameters the same, the results are shown in Fig. 17b. The local equilibrium
model again predicts the highest lysine concentration in the effluent at Na™ = 0.04 V.
However, because of a smaller pulse size (At = 18.86), mass transfer effects are more
pronounced than in Fig. 17a. Furthermore, mass transfer effects are most significant
for the lysine peak at Na* = 0.04N because the retention time is the longest at the
lowest total concentration (0.12 N). Because of the significant mass transfer effects, the
lysine peak at Na* = 0.04 N has a lower concentration than those at Na* = 0.10
N and 0.34 N. For this case, mass transfer effects, not interference effects, control the
lysine peak height. The comparison of Fig. 17a with Fig. 17b clearly shows the
complexity of interference phenomena coupled with mass transfer effects.

Rate equation model vs. local equilibrium model
Local equilibrium model can generally predict the average breakthrough times
of concentration waves, and it usually requires relatively short computation time (a
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Fig. 17. (2) Effect of sodium ion concentration. The concentration of both lysine and proline is 0.04 N; the
concentrations of Na* are 0.04, 0.10 and 0.34 N; A7 = 37.72; other conditions are the same as those for Fig.
16¢. (b) Effect of sodium ion concentration under the same conditions as in Fig. 17a except 4t = 18.86.
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few minutes on a Gould NP1 computer). It is also a simple model to use for studying
interference in complicated operating modes, for example, gradients and two-way flow
column operations®. It can be used for preliminary design and scale-up purposes when
mass transfer effects are insignificant. However, the rate equation model developed
here would be a better model to use if (1) mass transfer resistances are important, (2)
effects of changing particle size or flow-rate are needed, or (3) isotherms are complex.
The only drawback of this model is the long computation time that is required.
A two-component elution process typically would take about 1 h on a Gould NP1
computer. The computation time depends on the equilibrium isotherm, the number of
collocation points, number of elements used, and how often the elements are updated.

Scaling rules

Finally, we would like to address the question of scaling using dimensionless
groups. As shown in our analysis, for a given set of Pe,, Pe,, Bi, L/R, Az, 8, ¢, C/C;and
feed concentration, this model predicts a unique column profile and effluent history in
dimensionless time. As discussed earlier, more than one set of operating and design
parameters (F, D, R, L, V,,, E,, @ and ¢) can give an identical set of dimensionless
parameters. This means that one can use this mode! to design and scale up a process for
various conditions and scales; as long as the dimensionless parameters are the same,
the results in dimensionless variables are identical.

Provided 6, ¢ and E, are constant for a given system, the Chung and Wen?3
correlation suggests Pe, to be a function of L/R and Re. Using the correlation of
Wilson and Geankoplis'* leads to an explicit relation between Pe, and Bi (eqn. 9).
Therefore, only Re, Pe,, L/R and At have to be kept constant for all other
dimensionless parameters to be constant. In order to achieve this, the following three
conditions must be satisfied:

% =0 (16a)
LIR=8 (16b)
VP

DL" (16c)

where o, § and y are constants. Eqn. 16a alone is sufficient to keep both Re and Pe,
constant, and eqn. 16c is needed to keep 4t constant. Thus, we are left with three
equations and five variables (F, D, L, R and V). Any two variables can be fixed
arbitrarily and the other three can be solved from the above equations.

For example, we can consider a standard case: D = 1 ecm, R = 25 um, L = 2.5
cm, ¥, = 50 ml and F = 2 ml/min. This case has the following constants: ¢ = 5- 103
ml/(min cm), B = 3000 and y = 6.666. Keeping D the same and scaling R to 2.5 yum
would require a 0.75-cm column, 5 ml pulse and 20 m!/min flow-rate. Scaling R to 250
pm, on the other hand, would require a 75-cm column, 500 ml pulse and 0.2 ml/min
flow-rate (Table III). All three cases have the same dimensionless parameters, and
hence, identical column profiles and effluent history in terms of dimensionless time.
However, cycle time, throughput, pressure drop, and amount of packing for these
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TABLE III
SCALING USING DIMENSIONLESS GROUPS

Case 1 Case 2 Case 3 Case 4

D (cm) 1.0 1.0 1.0 10.0
R (um) 25 2.5 250 2.5
L (cm) .75 0.75 75 0.75
F (ml/min) 2 20 0.2 2000
V, (ml) 50 5 500 500
Relative® ¥, 1.0 01 - 10 100
Relative cycle time 1.0 0.01 100 0.01
Relative throughput? 1.0 10 0.1 1000
Ap° 1.0 100 0.01 100
Relative productivity? 1.0 100 0.01 100

¢ Relative to the values in case 1.

b Throughput = V,/cycle time.

¢ AP o (uoL)/R? (Blake-Kozeny equation) 43.
4 Productivity = throughput/V, ,.

three cases are quite different. As shown in Table III, reducing the particle size by ten
fold (compare cases 2 and 3 with case 1) can result in a ten-fold reduction in column
length, ten-fold increase in flow-rate, and 100-fold reduction in cycle time; it, however,
requires a ten-fold reduction in feed pulse and a 100-fold increase in pressure drop.
Overall, a ten-fold reduction in particle size can result in a ten-fold increase in
throughput (defined here as volume of feed processed per unit cycle time) and
a 100-fold increase in productivity (defined here as throughput per unit bed volume).

The throughput for case 2 can be further increased by increasing the column
diameter. As shown in case 4 in Table 111, a ten-fold increase in diameter can increase
the throughput by 100-fold. However, because column volume is also increased
100-fold, the productivity remains the same. The pressure drop for case 4 is the same as
for case 2, because column length is kept the same in order to keep L/R constant (eqn.
16b).
: In general, the scaling rules of eqn. 16 lead to the following: cycle time is
proportional to R?, throughput is proportional to 1/R and D?, and productivity is
proportional to 1/R2. Therefore using smaller particles and more rapid cycles can
achieve the same resolution but with higher throughputs and higher productivities.
Similar conclusions were also reached from a different analysis?3.

CONCLUSIONS

‘A general rate equation model was used to study the mass transfer effects in
isocratic, non-linear elution chromatography. Axial dispersion, intraparticle dif-
fusion, and film mass transfer were considered. This model took into -account
non-linear isotherms, interference, and size-exclusion effects. Experimental data from
ion exchange of amino acids and proteins were in good agreement with the model
predictions. :
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When N, N, and Pe, become very large, the solution of this rate equation model
approaches that of the local equilibrium model. The criteria for approaching local
equilibrium conditions depend mainly on «, C/C; and At. For example, for & = 1.6,
C/C; = 10° and 4t = 18.86, the requirements are N}, > 4.1 10*, N, > 7.1 - 10% and
Pe, > 2.7 103, whereas for « = 0.5 and at the same C/C; and 41, N, > 3.5- 103, N,
> 35.6 and Pe, > 670. For a smaller pulse, A1 = 0.377, a much larger N, N, and Pe,
are required to approach local equilibrium.

The effects of various design and operating parameters on resolution, retention
time, peak shape and peak spreading were examined. As flow-rate or particle size
increases, Bi increases, which means intraparticle diffusion resistance becomes
increasingly more important relative to film resistance. Band spreading due to axial
dispersion becomes more pronounced as particle size increases, but it does not increase
significantly with increasing flow-rate. Axial dispersion, film diffusion and intra-
particle diffusion can all cause peak spreading, peak asymmetry and decrease in
retention time. Their effects are more pronounced for systems with small pulses and for
solutes with long retention times.

When solute concentration or eluent concentration is increased, retention time is
shortened as a result of increasing total concentration. For concentrated feed pulses,
interference results in asymmetric peaks and product concentrations which are much
higher than their feed concentrations. In general, in the absence of mass transfer
effects, the higher the solute fraction in the feed, the higher the solute affinity, the
higher the product peak concentration due to interference. However, mass transfer
effects tend to reduce peak heights and can have a major influence on the peak
concentrations.

Results from a local equilibrium model, which neglects all mass transfer
resistances, were compared with those from the rate equation model. The local
equilibrium model is easier to use and requires much less computation time, but it can
only predict the average breakthrough times of concentration waves. For systems with
large pulses and solutes with short retention times, it can give close predictions of
dynamics under complicated operating conditions. The rate equation model is much
more versatile because it takes into account mass transfer resistances, complex
isotherms and size exclusion. However, computation time is much longer. But, if
detailed column dynamics are desired for systems with small pulses and solutes of high
affinities, the rate equation model should be used. .

The dimensionless groups are useful for scaling of nonlinear liquid chromato-
graphy. If 0, ¢, E,, C/C; and feed concentration are fixed, as long as Re, L/R and Az are
kept the same, identical effluent histories in terms of dimensionless variables can be
obtained. Applying this scaling rule, one can show that the smaller the particle size, the
shorter the cycle time, the higher the throughput and productivity.

SYMBOLS

Bi; k;R/E,;, Biot number of the j* component

€ mobile phase total concentration based on per bed volume (N)

C  stationary phase total concentration based on per bed volume (N)
C: concentration of i in feed on the basis of per bed volume
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¢ dimensionless solution phase concentration

¢,  dimensionless bulk mobile phase concentration

¢ dimensionless feed concentration

¢,  dimensionless solution phase concentration in sorbent particles
¢,  dimensionless solid phase concentration in sorbent particles
D  column diameter

D* Brownian diffusivity (cm?/min)

E, axial dispersion coefficient (cm?/min)

E, effective diffusivity in the particle phase (cm?/min)
F flow-rate (ml/min)

J J factor

k mass transfer coefficient (cm/min)

Ke  size-exclusion factor

L  column length (cm)

n number of species

Pe, uyL/E,, axial Peclet number

Pe, uyR/E,, particle Peclet number

r particle radial axis

R particle radius (cm)

Re  2Rpuoge/u, Reynolds number

t time (min)

T  adjusted dimensionless time, eqn. 14

AT dimensionless pulse size, eqn. 13

ug interstitial velocity (cm/min)

V, pulse volume (ml)

Viea column volume (ml)

x dimensionless axial axis

z axial axis (cm)

a;;  separation factor of species i against j
¢ dimensionless particle radial axis

At dimensionless time for the pulse

void fraction

intraparticle porosity

fluid density

fluid viscosity

dimensionless time (t = tup/L)
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